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Abstract 

Let A be a unital simple C*-algebra with tracial rank zero and X be a compact metric 
space. Suppose that h\,h2 : C{X) A are two unital monomorphisms. We show that 
hi and h2 are approximately unitarily equivalent if and only if 

[hi\ = [h2\ 'in KL{C{X),A) and r o hi{f) ^ t o h2{f) 

for every f £ C {X) and every trace r of y4. Adopting a theorem of Tomiyama, we introduce 
a notion of approximate conjugacy for minimal dynamical systems. Let a, P : X ^ X 
be two minimal homeomorphisms. Using the above mentioned result, we show that two 
dynamical systems are approximately conjugate in that sense if and only if a A"-theoretical 
condition is satisfied. In the case that X is the Cantor set, this notion coincides with 
strong orbit equivalence of Giordano, Putnam and Skau and the X-theoretical condition 
is equivalent to saying that the associate crossed product C*-algebras are isomorphic. 

Another application of the above mentioned result is given for C*-dynamical systems 
related to a problem of Kishimoto. Let A be a unital simple AH-algebra with no dimension 
growth and with real rank zero, and let a £ Aut{A). We prove that if fixes a large 
subgroup of Ko{A) and has the tracial Rokhlin property then A Xq, Z is again a unital 
simple AH-algebra with no dimension growth and with real rank zero. 

1 Introduction 

Let X be a compact metric space and a, P : X ^ X he homeomorphisms. Suppose that a 
and (3 are minimal, i.e., neither a nor f3 has non-trivial invariant closed subsets. Recall that 
a and /3 are conjugate if there exists a homeomorphism a : X ^ X such that a = a o f3 o . 
They are flip conjugate if either a and 13 are conjugate or a and (3~^ are conjugate. It was 
proved by Jun Tomiyama ((5^1) that a and (3 are flip conjugate if and only if there exists an 
isomorphism from C{X) Xq, Z onto C{X) Z such that it maps C{X) onto C(X), where 
C(X) XqZ and C(X) x^Z are the associated crossed product C*-algebras. It is speculated that 
C*-algebra theory may help to understand the minimal dynamical systems {X, a) and {X, (3). 
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This is further demonstrated in Giordano, Putnam and Skau's work (JT]) on minimal Cantor 
systems. They show, among other things, that two minimal Cantor systems {X, a) and {X, /3) 
are strong orbit equivalent if and only if the associated crossed products are isomorphic. It is 
worth to noting that under the assumption that X is an infinite set and a and (3 are minimal, 
the associated crossed product C*-algebras are amenable simple C*-algebras. Given the recent 
development in the classification of amenable simple C*-algebras, it seems possible to have 
some i^-theoretical description of some useful equivalence relation for minimal dynamical 
systems as demonstrated in Giordano, Putnam and Skau's work. The author has proposed 
to study some version of approximate conjugacy for minimal dynamical systems (see |44)'). 
The original purpose of this research is to give a if -theoretical description of approximate 
conjugacy in minimal dynamical systems. 

Diverging from dynamical systems, consider homomorphisms from C{X), the C*-algebra 
of continuous functions on a compact metric space, to a unital simple C*-algebra A. It is 
fundamentally important in topology to study homomorphisms from C{X) to C{Y). In C*- 
algebra theory, it is also fundamentally important to understand homomorphisms from C(X) 
into a unital C*-algebra. The earliest study of this kind is the classical Brown-Douglass- 
Fillmore theory (see |3] and 0]). The BDF-theory classified monomorphisms from C{X) into 
the Calkin algebra B{p)/lC{p). The original motivation was to classify essentially normal 
operators. There is no doubt that BDF-theory plays a crucial role in the development of 
C*-algebra theory, in particular, in the aspect of C*-algebra theory related to if-theory and 
KK-iheoiy. One may notice that the Calkin algebra is a very special (non-separable) C*- 
algebra. But it is a simple C*-algebra with real rank zero. It becomes clear that the study 
of monomorphisms from C{X) into a separable simple C*-algebra with real rank zero is also 
very important (see [H|, QH]) PDi [HH]; (201 and In this paper, we prove 

that, under the assumption that A is a unital simple C*-algebra with tracial rank zero, then 
monomorphisms from C{X) into A can be classified up to approximate unitary equivalence 
by their JsT-theoretical information. We believe that this result is potentially very useful. We 
will demonstrate this by presenting two applications. 

Returning to minimal dynamical systems, it is known that many crossed product C*- 
algebras associated with minimal dynamical systems are simple C*-algebras with tracial rank 
zero. For example it is known (see for example Theorem 1.15 of ^3) that C{X) Xq, Z is a 
AT-algebra of real rank zero if X is the Cantor set. It follows (see and jHOl) that they 
have tracial rank zero. More recently it is shown by Q. Lin and N.C. Phillips (0HI) that 
crossed products resulted from minimal diffeomorphisms on a manifold are inductive limits 
of subhomogeoneous C*-algebras. Consequently, by 021) they have tracial topological rank 
zero. Thus by the classification theorem of 001 these simple C*-algebras are classified by their 
if-theory. The classification of monomorphisms from C{X) to those simple C*-algebras leads 
to the notion of approximate (flip) conjugacy in minimal dynamical systems. Briefly speaking, 
two minimal dynamical systems {X, a) and {X, j3) are approximately if-conjugate if there 
exist two sequences of homeomorphisms an,"/n '■ X ^ X such that 

lim / o a-„ o /3 o rr^^ ^ f oa and lim / o 7„ o a o 7"^ ^ f o P 

n — *oo n — >oo 

for all / £ C{X) and both a„ and 7„ satisfy a X-theoretical constrain. A preliminary result 
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(ESI) shows that when X is a Cantor set, a and /3 are approximately if-conjugate if and only 
if C{X) x1q,Z = C{X) y\f^Z. In this paper, we define a C*-version of approximate flip conjugacy 
and use the classification of monomorphisms from C{X) into a unital simple C*-algebra of 
tracial rank zero to give a if-theoretical condition for two minimal dynamical systems being 
approximate flip conjugate in that sense. 

We present another related application of the above mentioned classification of monomor- 
phisms from C{X). We study C*-dynamical systems {A, a), where A is a unital simple C*- 
algebra with tracial rank zero and a G Aut{A) which satisfies a certain Rokhlin property. The 
Rokhlin property in ergodic theory was first adopted into operator algebras in the context of 
von Neumann algebras by A. Connes (|7]). It was adopted by Herman and Ocneanu (pU)!. 
then by M. R0rdam {[HSI)) A. Kishimoto and more recently by M. Isumi in a much more 

general context of C*-algebras. Kishimoto has studied the problem when a crossed product 
of a simple AT-algebra A of real rank zero by an automorphism a S Aut{A) is again an 
AT-algebra of real rank zero. A more general question is when ^ Xa Z is a unital simple AH- 
algebra with real rank zero if A is a unital simple AH-algebra. Given the classification theorem 
for simple separable amenable C*-algebra with tracial rank zero, a similar question is under 
what condition A xi^ Z has tracial rank zero. In order to make reasonable sense, one has to 
assume that a is sufficiently outer. As proposed by A. Kishimoto (|2Z|), the right description 
of "sufficiently outer" is that a has a Rokhlin property. One version of Rokhlin property was 
introduced in called "tracial Rokhlin property" which is closely related to, but slightly 
weaker than, the so-called approximate Rokhlin property used in j^( see 13.121 below). It 
was shown in |51j that the tracial Rokhlin property occurs quite often. Tracial cyclic Rokhlin 
property was introduced in 03 which is a stronger Rokhlin property fscc 13.131 below). It is 
shown in 021 that if A has tracial rank zero and a has the tracial cyclic Rokhlin property then 
A Xq Z has tracial Rokhlin property. Thus one may apply classification theorem in |4()j to 
these simple crossed products. This leads to the question when an automorphism a has tracial 
cyclic Rokhlin property. We will apply the abovew mentioned results about monomorphisms 
from C{X) to this problem. Among other things, we will show that, if a^glc = idc for some 
subgroup G C Ko{A) for which pa{G) = pa{Kq{A)) and a has tracial Rokhfin property then 
a has tracial cyclic Rokhlin property. This result implies that, under the same condition, 
A Z is a unital simple AH-algebra with no dimension growth and with real rank zero if A 
is. This solves the generalized version of the Kishimoto problem. 

The paper is organized as follows: In Section 2, we list some conventions that will be used 
in this paper. In Section 3, we present the main results. We first give (in subsection 2.1) the 
classification of monomorphisms from C{X) into a unital simple C*-algebra with tracial topo- 
logical rank zero. We then give two applications of the theorem. One for minimal dynamical 
systems (subsection 2.2) and the other for the C*-dynamical systems and the Rokhlin property 
(subsection 2.3). In section 4, we give the proof of the classification theorem mentioned above 
and also give proofs of several approximate version of it. In section 5, we present the proof of 
the theorems described in subsection 3.2. Finally, in section 6, we give the proof of the main 
results in subsection 2.3. 

Acknowledgments This work is partially supported by a grant from NSF of USA and Zhi- 
Jiang Professorship in East China Normal University. The author would like to acknowledge 
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fruitful conversation with N. C. Phillips and Hiroyuki Osaka. 

2 Notation 

Wc will use the following conventions: 

(1) Let ^ be a C*-algebra. As. a. is the set of all selfadjoint elements of A and A+ is the 
positive cone of A. 

(2) Let A be a C*-algcbra and a € A. We write Her(a) for the hereditary C*-subalgebra 
generated by o, i.e., Her(a) = aAa. 

(3) Let A be a C*-algebra and p,q G A he two projections. We write p ^ q, and say p 
is equivalent to q, if there exists a partial isometry v E A such that v*v = p and vv* = q. If 
a G A^, we write [p] < [a] if p ~ g for some projection q G Her (a). 

(4) Let A be a C*-algebra. We denote by Aut{A) the automorphism group of A. If A 
is unital and u E A is a unitary, we denote by adu the inner automorphism defined by 
adu(a) = u*au for all a E A. 

(5) T{A) is the tracial state space of A. Denote by pa : Ko{A) Aff{T{A)) the homo- 
morphism induced by pa{[p]){t) = t{p) for r E T{A). 

Furthermore, we also use pA '■ ^s.a Af f[T{A)) for the homomorphism defined by 
pA{a){T) = r(a) for a G A^.a- 

(6) Let A and B be two C*-algebras and ^jtp : A ^ B he two maps. Let e > and G A 
be a finite subset. We write 

4>p^ei> on J^, 

if 

\\(j){a) - i>ia)\\ < e for all a e J^. 
If B is unital and there is a unitary u E B such that 

||adw o (j){a) — V'(a)|| < £ for all a E A, 

then we write 

(j) ^ on !F. 

(7) Let .T G ^, e > and d A. We write x Ee if dist(a;, J^) < e, or there is y E J- such 
that ||a; — y\\ < s. Let ^ and Q be subsets of a C*-algebra A, we write Cg Q, if for every 

X ET,X Ee G- 

(8) Let A be a separable amenable C*-algebra. We say that A satisfies the Universal 
Coefficient Theorem (UCT), if for any cr-unital C* -algebra B, one has the following short 
exact sequence: 

^ extT.{K,-i{A),K,{B)) KK*{A,B) ^ Hom{K,{A),K,{B)) 0. 

Every C*-algebra A in the so-called "bootstrap" class N satisfies the UCT. 

Let G and F he abelian groups. Denote by Pext{G, F) the group of pure group extensions 
in extz{G, F), i.e., those extensions of F by G so that every finitely generated subgroup of F 
lifts. Denote KL{A,B) = KK{A,B)/Pext{K^_i{A),K^{B)). 
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(9) Let C„ be a commutative C*-algebra with Ko{Cn) = Z/nZ and Ki{Cn) = 0. Suppose 
that A is a C*-algebra. Then Ki{A, Z/fcZ) = if^^ ® Cfe). Let P{A) be the set of equivalence 
classes of projections in Moo (A), MooiC{S^)<»A), Moo{{A®Cm)) a.iid M^{{C{S^)(S'A®Cm))- 
We have the following commutative diagram (IHSl)' 

i^o(^) ^ KoiA,Z/kZ) Ki{A) 

tk ik 

Ko{A) ^ Ki{A,Z/kZ) ^ Ki{A) 

As in we use the notation 

KiA) = ®,=oxnez^K,{A;Z/nZ). 

By HorriA (K(A). K(B)) we mean all homomorphisms from K_{A) to K_{B) which respect the 
direct sum decomposition and the so-called Bockstein operations (see JI]). It follows from j^] 
that if A satisfies the Universal Coefficient Theorem, then Hom\ {K{A), K(B)) = KL{A,B). 

(10) Let {An} be a sequence of C*-algebras. Set Z°°({B„}) = 11^=1 -^^ (C*-product of 
{Bn}) and Co{{Bn}) = (B^^iBn (C*-direct sum). We will use qoo{{Bn}) for the quotient 
Z-({i?„})/co({i?„})- 

(11) Let A — lim„^oo(^n, '?^'n), where 0„ : An — > An+i is the connecting homomorphism. 
We denote by (f)n, oo ■ An — > A the homomorphism induced by the inductive system. A is 
said to be an AT-algebra if each An has the form C(T) ® F„, for some finite dimensional 
C*-subalgebra Fn- A is said to be an AH-algebra if each An has the form P„M;;(„)(C(X„))P„, 
where X„ is a finite CW -complex and P„ G Mj;(„)(C(X„)) is a projection. We say that A 
has no dimension growth if there is an integer N such that dimX„ < N. 

(11) Let A and B be two C*-algebra and <j) : A ^ B he a contractive completely positive 
linear map. Let e > and C ^ be a subset. The map (f) is said to be .F-e-multiplicative, if 

\\(t){ab) - (t){a)cj){b)\\ < e for aU a,beJ'. 

(12) Let A be a C*-algebra, {Bn} be a sequence of C*-algebras and let (j)n : A ^ Bn be 
a sequence of contractive completely positive linear maps. We say that {(t>n} is a sequentially 
asymptotic morphism if 

hm \\(j)n{ab) — 4>n{a)4'n{b)\\ — for all a E A. 

n — ^oo 

Let $ : A — > l°°{{Bn}) be defined by <i>(a) = {^„} and let (/) = tt o $ : A ^ qoo{{Bn}), where 
TT : l°°({Bn}) — ^ 9oo({Sn}) IS the quotient map. Then ^ is a homomorphism. In particular, [(jj] 
gives an element in Hom{K_{A) , K_{qoo{{Bn})) ■ It follows that, for any finite subset V C P{A), 
for sufficiently large n, |-p is well defined partial map to K(Bn). 

Thus, given any finite subset V C P(A), there is (5 > and a finite subset T C A, such 
that, if : A ^ _B is a J-"-(5-multiplicative contractive completely positive linear map, then 
[(f>]\v is well defined (see p. 164 of and also [TU|). 

In what follows, given a finite subset V C P{A), and (j> is a JT-iJ-multiplicative contractive 
completely positive linear map, when we write [0]|-p we mean it is well defined. 



5 



(13) Let h : C{X) Ahc a homomorphism and O C X be an open subset. We write 

Her(/i(0)) = {hif) : f{t) ^0 teX\0}. 

(14) Let A he a C*-algebra and {a„} be a sequence of elements in A. We say that {a„} is 
a central sequence if 

lim ||a„x — xan\\ — for all x ^ A. 

n — >oo 

These conventions will be used throughout the paper without further explanation. 

3 The main results 

3.1 Monomorphisms from C{X) 

In 1970's, Brown, Douglass and Fillmore (jSj, 0] and 0) proved that two unital monomor- 
phisms hi and /i2 from C{X) into the Calkin algebra, B{P)/IC{P), where B{P) is the C*- 
algebra of bounded operators and IC{P) is the C*-algebra of compact operators on the Hilbert 
space are unitarily equivalent if and only if they induce the same i^Ti^T-element. It should 
be noted that the Calkin algebra is a simple C*-algebra with real rank zero. M. Dadarlat ([S]) 
showed that two monomorphisms from C{X) to a unital purely infinite simple C*-algebra are 
approximately unitarily equivalent if and only if they give the same element in KL{C{X), A). 
We consider two monomorphisms ft-i, : C'(^) ~^ where ^ is a unital simple C*-algebra 
with tracial (topological) rank zero. One important previous result was obtained in j20j where 
we assume that A has a unique trace. 

We recall the definition of tracial (topological) rank of C*-algebras. 

Definition 3.1. Let A he a unital simple C*-algebra and A; G N. Then A is said to have 
tracial (topological) rank zero if and only if for any finite set J- <Z A, and e > and any 
non-zero positive element a (z A, there exists a finite dimensional C*-subalgebra B C A with 
ids — p such that 

(1) \\[x,p]\\ < e for all x G 

(2) pxp B for all x <^ T , 

(3) [1"P]<H. 

We write TR(j4) = if A has tracial (topological) rank zero. 

Recall that a C*-algebra A is said to have the Fundamental Comparison Property, if, for 
any two projections p, g G A, r(p) < t{ci) for all r G T{^A) implies that p ^ < q. \i A 
has the Fundamental Comparison Property, then condition (3) above can be replaced by (3') 
r{\-p) < e for aU t G T{A). 

It is proved in |37| that if TR(yl) = 0, then A has real rank zero, stable rank one and 
weakly unperforated Ko{A). Every simple AH-algebra with slow dimension growth and with 
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real rank zero has tracial rank zero. Other simple C*-algebras that are inductive limits of type 
I are also proved to have tracial rank zero (see 02). Separable simple amenable C*-algebras 
with tracial rank zero which satisfy the UCT are classified by their /sT-theory (see ^U] and 

m)- 

Definition 3.2. Let A be a C* -algebra and B be a unital C* -algebra. Suppose that hi,h2 : 
A ^ B are two maps. We say hi and /12 approximately unitarily eguivalent if 

hi /12 on J- 

for every finite subset T and e > 0. In other words, there exists a seguence of unitaries Un & B 
such that 

lim ||adu„ o hi{a) — h2{a)\\ = for all a ^ A. 

n — >oo 

Suppose that A has tracial states and both hi and are homomorphisms. Let t G T{A). 
ft is clear that if hi and /i2 are approximately unitarily equivalent then t o hi = t o h2. Iti 
other words, t o hi and t o /12 induce the same Borel measure on X. 

The first main result of this paper is the following: 

Theorem 3.3. Let X be a compact metric space and A be a unital separable simple C* -algebra 
with TR{A) = 0. Suppose that hi : C{X) A is a unital monomorphism. For any e > and 
any finite subset T C C(X\ there exist S > and a finite subset Q C C{X) satisfying the 
following: i/ /12 : C{X) A is another unital monomorphism such that 

[hi]^[h2] in KL{C{X),A) and \t o hi{f) - t o h2{f)\ < 5 

for all f ^ Q and r G T{A)^ then there exists a unitary u ^ A such that 

hi /12 on J-. 

Consequently, we have 

Theorem 3.4. Let X be a compact metric space and A be a unital separable simple C* -algebra 
with TR{A) ~ 0. Suppose that /ii,/i2 : C{X) — > A are two unital monomorphisms. Then hi 
and /i2 BLf£ approximately unitarily equivalent if and only if 

[hi] = [h2] in KL{C{X),A) 

and T o hi{a) —to /12(a) for all a G C{X). 

A special case when A has a unique tracial state was obtained in |2U| . 

Corollary 3.5. Let X be a compact metric space with torsion free Ki{C{X)) (i = 0, f j and let 
A be a unital separable simple C* -algebra with TR{A) — 0. Suppose that /ii,/i2 : C(^) ~^ A 
are two unital monomorphisms. Then hi and h2 are approximately unitarily equivalent if and 
only if 

{hi)*i = (/i2)*i i = 0, f 
and T o hi{a) —to /12(a) for all a G C{X). 

We will give two interesting applications of these results. Some approximate versions of it 
will be give in Section 4. 
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3.2 Minimal dynamical systems 

Let X be a compact metric space and a : X ^ X he a homeomorphism. Recall that a is 
said to be minimal if {a'^{x) : n S Z} is dense in X. We assume that X is an infinite set. 
The corresponding transformation group C*-algebra denoted by — C{X) Xq Z is a unital 
simple C*-algebra. It is also amenable and separable. It is in the so-called "Bootstrap" class 
of C*-algebras. Therefore it satisfies the Universal Coefhcient Theorem. Many C*-algebras 
described above have tracial rank zero. For example, if X is a connected manifold and a is a 
diffeomorphism. Then TR{Aa) = if and only if pA^{Ko{Aa)) is dense in Af f{T{Aa)) (see 
gni and [42j). 

In what follows, we will use Aa for C{X) xi^, Z and ja ■ C{X) — > A^ for the obvious 
embedding. 

A theorem of Tomiyama (see \5(}\ ) establishes an important relation between C*-algebra 
theory and topological dynamics: 

Theorem 3.6. ( J. Tomiyama) Let X be a compact metric space and a, (3 : X ^ X be 
homeomorphisms. Suppose that [X, a) and {X, (3) are topologically transitive. Then a and (3 
are flip conjugate if and only if there is an isomorphism (j) : C{X) Xq Z ^ ^ such 

that (j) ° ja = J/3 o X foT some isomorphism x ■ C{X) —>■ C{X). 

It should be noted that all minimal dynamical systems are transitive. 
In the light of Tomiyama's theorem, we introduce the following version of approximate flip 
conjugacy (for the case that TR{Aa) = TR{Ap) = 0). 

Definition 3.7. Let {X, a) and {X, (3) be two minimal dynamical systems such that TR{Aa) = 
TR{Ai3) = 0. We say that {X,a) and (X, /3) are C* -strongly approximately flip conjugate if 
there exist sequences of isomorphisms : Aa —>■ Ap, ipn ■ Ap — > Ap and sequences of 
isomorphisms Xn, A„ : C{X) C{X) such that [0„] = [(f)i] = [i/j^^] in KL{Aa, Ap) for all n 
and 

lim ||(?!)„ oj„(/) - ox„(/)|| = and lim HV'n o j^(/) - j„ o A„(/)|| = 
for aU / e C{X). 

For the general case that the crossed products are not assume to have tracial rank zero, a 
modified definition is given in |46| . A simplification of tch definition is given below 1)5. 

In Theorem 13.61 let 9 = [0] in KK{Aa, Ap). Let r{6) be the induced element in 
Hom{Ki.{Aa), K^{Ai3)) which preserves the order and the unit. Then one has 

[ja] X 6* = [jp O x] 

Suppose that TR{Aa) = TR{Ap) = 0. Then pA^{Ko{Aa)) and pAf^iKoiAp)) are dense in 
Af f{T{Aa)) and A//(r(A^)), respectively. Thus r(^) induces an order and unit preserving 
afhne isomorphism 0p : Aff{T{Aa)) Aff{T{A0)). Recall pA^ : [A^)s.a Aff{T{Aa)) 
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is defined by pA^{a){T) — T{a) for r £ T{A). Therefore, in terms of ii'-theory and KK- 
theory, one has the foUowing: If a and /3 arc flip conjugate, then there is an isomorphism 
X : C{X) CiX) such that 

[ja] y-9 ^ [ji3°x] in KK{C{X),Ai3) and 9pO p^^ o = ojpox on C{X)s,a. (e3.1) 

The following theorem gives a iiT-theoretical description of C*-strong approximate flip 
conjugacy: 

Theorem 3.8. Let (X^a) and {X,(5) he two minimal dynamical systems such that Aa and 
Ap have tracial rank zero. Then a and (3 are C* -strongly approximately flip conjugate if and 
only if the following hold: There are sequences of isomorphisms Xn,^n '■ C{X) — > C{X) and 
9 € KL{Aa, Afs) such that T{9) gives an isomorphism from {KQ{Aa), Ko{Aa)+, [1], Ki{Aa)) 
to {Kq{Ai3), ifo(^/3)+, [1], Ki{Ai3)), for any finitely generated subgroup G C KjCiX')), 

ba] X 6*10 = ox„]|g and b'^a] x S^^Ig = [j„ o A„]|g, (e3.2) 

for all sufficiently large n and 

lim IIp^ oj^ o x„(/) - 6'p o ojc,(/) II = and (e3.3) 

n^oo 

hm \\pA^oj^oX„{f)-e;'opA^ojf,{f)\\=0 (e3.4) 

for all f eC{X),,a. 

Corollary 3.9. Let X be a compact metric space with torsion free K -theory. Let {X,a) and 
{X,(3) be two minimal dynamical systems such that TR{Aa) = TR^Ap) — 0. Suppose that 
there is a unit preserving order isomorphism 

7: (ifo(^a),i^o(Aa)+,[lAj,ifi(A„)) {Ko{A0),K^{Ap)+,[lA,XK^{Ap)), (e3.5) 

[ia] x9 = [jp o x] in KL{C{X), Ap) and 7p o = °jp°X on C{X)s.a (e 3.6) 

for some isomorphism x ■ C'(X) C{X). Then {X,a) and {X,(3) are C* -strongly approxi- 
mately flip conjugate. 

Remark 3.10. In definition l3.7l we require that [</)„] — [(pi] for all n. It will be only a marginal 
gain by removing this condition from the definition. If both Ki(Aa) and Ki^Ap) are finitely 
generated (i — 0,1), then there are only finitely many order isomorphisms which preserve 
the identity. Moreover, in this case, extz{Ki-i{Aa) , Ki^Ap)) has only finitely many elements. 
Thus, in this case, there are only finitely many elements 9 G KL(Aa, Ap) which gives order and 
unit preserving isomorphisms from Ki{Aa) to Ki{Aj3) {i = 0, 1). Hence, there is a subsequence 
{rifc} such that [4>nk] = 9 for some 9. Therefore one may well assume that [(j>n] = [4>i] for all n. 

In the case when X is the Cantor set, Ko{C{X)) = C{X,Z). It follows that conditions 
in 13.81 can be considerably simplified. Furthermore, if X is the Cantor set, two minimal 
homeomorphisms a and (3 are C*-strongly approximately conjugate if and only if they are 
approximately if-conjugate fsee 15.311 . More precisely we have the following theorem which is 
also related to the work of Giordano, Putnam and Skau in [17| . 
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Theorem 3.11. ( Theorem 5.4 of 03]) Let X be the Cantor set and a and (3 he minimal 
homeomorphisms. Then the following are equivalent: 

(i) a and /3 are C* -strongly approximately flip conjugate, 

(ii) a and j3 are approximately K -conjugate, 

(iii) Aa and Ajs are isomorphic, 

(iv) {KoiA^),Ko{A^)+,[lAj) = {Ko{Afj),KoiAfj) + ,[lA,]), 

(v) there exists a sequence 7„ G [[a\] and a-n £ [[/?]] and a homeomorphism x : X ^ X 
such that 

foa = Hm f o x° cFn o [3 o o and 

n — *oo 

f op ^ hm / o o 7„ o a o o x 

n — 'oo 

for allfe C{X). 

(vi) a and (3 are strong orbit equivalent. 

In Theorem l3.11l [[a]] is the set of topological full group with respect to a, i.e., the group of 
all homeomorphisms ^ : X ^ X such that ^{x) — a"'^^-'(a;) for all x d X, where n e C{X,Z). 
We will explain other terminologies used in Theorem 13. Ill in section 5. Further discussion of 
approximate conjugacy will be given in section 5. 

3.3 C*-dynamical systems and the Rokhlin property 

By a C*-dynamical system we mean a pair {A, a), where A is a C*-algebra and a G Aut{A). 
Let A be a unital simple AT-algebra with real rank zero and a G Aut{A) be a "sufficiently 
outer" automorphism. A. Kishimoto studied the problem when the associated crossed product 
is again an AT-algebra of real rank zero ((23], |in]iE3 and I2H1)- In particular, Kishimoto 
studied the case that A has a unique tracial state and a is approximately inner. Kishimoto 
also suggested that the appropriate notion for "sufficiently outer" is the Rokhlin property. 
A more general question is: Let A be a unital simple AH-algebra with no dimension growth 
and with real rank zero. Suppose that a G Aut{A). When is A Xq, Z again a unital simple 
AH-algcbra with no dimension growth and with real rank zero? 

With the classification theorem for simple C*-algebras of tracial topological rank zero, 
an important question related to the crossed products is the following: Let A be a unital 
separable simple C*-algebra with tracial rank zero and a is an (outer) automorphism. When 
does A XI Q, Z have tracial rank zero? 

The following is defined in [511 Definition 2.1]. 

Definition 3.12. Let yl be a simple unital C* -algebra and let a G Aut(A). We say that a has 
the tracial Rokhlin property if for every finite set F C A, every e > 0, every n G N, and every 
nonzero positive element x G A, there are mutually orthogonal projections eo, ei, . . . , en G A 
such that: 

(1) ||a(e,) - e,+i|| < e for < j < n - 1. 

(2) \\eja — aejW < e for < j < n and all a G F. 
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(3) Withe = E;=oe„ [1 - e] < [x]. 

Recall that a unital simple C*-algebra A is said to have the Fundamental Comparison 
Property, if for any two projections p, g € A p ~ < g, if r(p) < t(5) for all r e T{A). In 
the definition 13. 121 if A has the Fundamental Comparison Property, then condition (3) can be 
replaced by 
(3)' r(l - e) < e for all t ^ A. 

This is the reason why it called tracial Rokhlin property. A much stronger version of Rokhlin 
property was introduced in 07] recently. 

Definition 3.13. Let ^ be a simple unital C*-algebra and let a G Aut(^). We say a has the 

tracial cyclic Rokhlin property if for every finite set F <Z A, every e > 0, every n G N, and every 
nonzero positive element x G A, there are mutually orthogonal projections cq, ei, . . . , e„ G A 
such that 

(1) ||a(ej) — ej-|_i|| < e for < j < n, where e„+i = cq. 

(2) \\eja — acjW < e for < j < n and all a £ F. 

(3) Withe = E;Ue:,' [1 - e] < [x]. 

Note that if a has the tracial Rokhlin property, then Ko{A) must have a "dense" subset 
which is invariant under a*o- It is shown (see Theorem 2.9 of jl^l) that if a has tracial cyclic 
Rokhlin property then indeed the crossed product A xIq, Z has tracial rank zero. It is proved 
in |51| that tracial Rokhlin property occurs more often than one may think. For example, 
assuming that ^ is a unital separable simple C*-algebra with a unique tracial state and with 
tracial rank zero, they prove in jSlj that A Xq, Z has tracial Rokhlin property if and only if 
A Xq, Z has a unique tracial state, or A Xq Z has real rank zero. It is proved in 47 that, 
if is approximately inner for some integer r > and a has the tracial Rokhlin property, 
then a has the tracial cyclic Rokhlin property. Consequently, A xi^ Z has tracial rank zero. 
In particular, by the classification theorem for simple unital separable amenable C*-algebras 
with tracial rank zero (see [lOj), if A is a unital ^T-algebra of real rank zero, in this case, 
A X Q. Z is again a unital ^T-algebra with real rank zero provided that A x „ Z has torsion free 
if-theory. This solves the Kishimoto's problem in this setting. By applying an approximate 
version of theorem l3.3l fsee l4.8|l . we have the following theorem: 

Theorem 3.14. Let A he a unital separable simple amenable C* -algebra with TR{A) — 
which satisfies the UCT and let a G Aut{A). Suppose that a satisfies the tracial Rokhlin 
property. IJ there is an integer r > such that ol^^q\g = idc for some subgroup G C Kq{A) for 
which pa{G) = pa{K{){A)), then a satisfies the tracial cyclic Rokhlin property. 

From this we obtain: 

Theorem 3.15. Let A be a unital separable simple amenable C* -algebra with TR{A) — 
which satisfies the UCT and let a G Aut{A). Suppose that a satisfies the tracial Rokhlin 
property and ck^qIg = idc for some subgroup G C K{){A) for which pa{G) — pA{Kf)(A)). Then 
j4 Xq Z is a unital simple AH-algebra with no dimension growth and with real rank zero. 
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As a consequence, combining the results in we also have the following: 

Theorem 3.16. Let A he a unital separable simple amenable C* -algebra with TR{A) — 
and with a unique tracial state which satisfies the UCT and let a G Aut{A) he such that 
a%\G = idc for some subgroup G C Kq{A) for which pa{G) = pa{Kq{A)). Then the following 
are equivalent: 

(i) a has the tracial Rokhlin property; 

(li) A Xq Z has a unique tracial state; 

(iii) A yia'^ has real rank zero; 

(iv) a has the tracial cyclic Rokhlin property; 

(v) A Xq Z has tracial rank zero; 

(vi) A Xq, Z is a unital simple AH-algebra with unique tracial state and real rank zero. 

Finally we would like to mention the Furstenberg transformations on irrational rotation 
algebras studied recently by H. Osaka and N. C. Phillips. These also include the transformation 
group C*-algebras of minimal Furstenberg transformations on the torus. 

Definition 3.17. Let Ag be the usual rotation algebra generated by unitaries u and v satis- 
fying vu = e'^'^^^uv. Let 6*, 7 £ M, and let d £ Z, and let / : S*^ ^ M be a continuous function. 
The Furstenberg transformation on Ag determined by {9,^,d,f) is the automorphism ag^-^^dj 
of Ag such that 

oie,'y,d.f{u) = e^'^'^'^u and ae,^,^ = exp{27rif{u))u'^v. 

The resulted crossed product is denoted hy Ag Xq Z. 

Combining the results in [^J and Theorem 13. 161 we obtain the following. 

Theorem 3.18. Let 0,7 e R and suppose that 1,0,7 are linearly independent over Q. Let 
d e Z and let ag^^^dj G Aut{Ag) be as defined in \3.17\ Then 

(1) Ag Xq Z is a unital simple AH-algebra with no dimension growth, with real rank zero 
and with a unique tracial state. 

(2) //, in addition, d = 0, then Ag 'Aa'^ is an AT-algebra with real rank zero. 

4 Maps from C{X) 

In this section we will prove Theorem 13.31 and Theorem 13. 41 We do this by proving an approx- 
imate version of these fTheorem l4.6|l . 

Lemma 4.1. Let A be a unital C* -algebra. For any e > and any finite subset J- d A, there 
exists ^ > and Q C A which satisfy the following: 

If B is another unital G* -algebra, r G T{B) and (f>n ■ A ^ B is a unital contractive 
completely positive linear map which is Q -5 -multiplicative, then there exists a tracial state 
o G such that 

T o 0„(a) — cr(a)| < e for all a £ T. 
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Proof. Suppose that the lemma is false. Then there exist eo > and a finite subset C A, 
there exists 

^ ^7i-(5yi-multiplicative contractive completely positive linear map (pn : -A — > Bni 
where B„ are unital C*-algebras and U^iG„ is dense in A and < oo, and a sequence 

of tracial states t„ e T{Bn) such that 

inf {inf{sup{|T„ o 0„(a) - a{a)\ : a G J^o} : a G T{A)}} > sq. 

Take a weak limit a of {t„ o </>„}. Then cr is a tracial state of A. There is subsequence (j)n{k) 
such that 

a{a) = lim r o ^„(fc) (a) for all a G A. 

fe— »(X) 

This gives a contradiction. □ 

Definition 4.2. Let X be a compact metric space and let ^ be a unital C*-algebra. Suppose 

that (j) : C{X) A is a unital positive linear map and suppose that t G T{A). Then t o (j) is 
a positive linear functional on C{X). We use /U^oiji for the induced probability Borel regular 
measure. 

Let X be compact metric space and 77 > 0. Then there are finitely many (distinct) points 
Xi,X2, ■■■,Xm G X such that {xi,X2, ...jXm} is an r;-dense subset. There is an integer s > 0, 
such that 

O, nOj = <D, j, 

where Oi = {x € X : dist(a;,a:i) < r]/2s}, i = 1,2, ...,m. The integer s depends on the choice 

of {xi,X2, .-jXm}- 

Lemma 4.3. Let X be a compact metric space, e > and T C C'(X) he a finite subset. Let 
L > be an integer and let r] > be such that \ f{x) — f{x')\ < e/8 if dist{x,x') < t]. Then, 
for any integer s > 0, any finite r]/2-dense subset {xi,X2, Xm} of X for which Oi fl Oj = 
0, if i ^ j, where 

Oi = {^eX: dist(^,a;i) < r]/2s} 

and any l/2s > a > 0, there exist a finite subset Q C C{X) and 5 > Q satisfying the following: 
For any unital separable stably finite C* -algebra A with real rank zero, r G T{A) and any 
Q -5 -multiplicative contractive completely positive linear map (j) : C{X) A, if fJ,Toij>{Oi) > a-r], 
for all i, then there are mutually orthogonal projections pi,P2, ■■■,Pm in A such that 

m 

Uif) - ((1 -p)<^(/)(l -p) < e for all / e 

i=l 

and <£, 

where p = J2iLi Pi 

m 

r(pfc) > (4mi + 4)r(l - ^Pi) and r(pfc) > - • 77, fc = 1, 2, m. 

i=l 
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Proof. Suppose that there exists £o > and a finite subset C C{X) so that the lemma is 
false. Fix e > so that e < eo/4. Let 77 > so that 

|/(a;) - f{y)\ < e/8 if dist(x,y) < r], x,y G X 

for all / £ J^Q. Suppose that {xi,X2, Xm} is an 77/2-dense subset of X such that OiCiOj ~ 0, 
if i ^ j, where 

Oi — {x G X : dist(a;, Xi) < ri/2s}, i — 1,2, m 

for some integer s > 0. Let l/2s > a > 0. Since the lemma is false (for a choice of the aboved 
mentioned Xi,...,Xm, s and cr), there exist a sequence of unital separable stably finite C*- 
algebra i3„ of real rank zero, a sequence of unital (y„-5„-multiplicative contractive completely 
positive hnear maps 0„ : C{X) i?„, where U'^^iGn is dense in C{X) and J2^=i^n < 00, 
and there are t„ G T{Bn) such that fJ-To4>niOi) > a ■ rj satisfying the following: 

m 

inf{sup{||0„(/) - [(1 -pn)(f>n{l -Pn) + ^ f {x^)p{i , n)]\\ : f e J^o} : > £0 

1=1 

where the infimum is taken among all mutually orthogonal projections n),p(2, n), ...,p{m, n) 
which satisfy 

Tn{p{i,n)) > (4mL + 4)r„(l -p„) and T„{p(i,n)) > ari/2, 

where Pn = J2iLiPihn). 

Define $ : C{X) ^ /°°({B„}) by $(/) = {0„(/)} and let n : /°°({S„}) ^ <Zoo({S„}). Then 
TT o $ : C(X) — > qoo({-B,i}) is a homomorphism. By passing to a subsequence, if necessary, we 
may also assume that there is r e l°°{{Bn}) such that 

lim r„(a„) = T({a„}) 

n — *oc 

for any {a„} G /°°({_B„}). Moreover, since, for each {a„} G co({-Bn}), hm„_^oo ■''n(an) = 0, we 
may view r as a tracial state of <Zoo({Sn})- It follows that 

A*T,xo*(Oi) > cr • ?7, i^l,2,...,m. 

Exactly as in the proof of 2.11 of there are r.; G (0, 1) such that 

/^r,7ro*(C^J = 0, (e4.7) 

where 

Cr,={CeX: dist(C, x,) = (1 + r,)(?7/2)}. 
Let ill, $72, ■■■,^K' be disjoint open subsets such that ufl^ili = -'^ \ Uj^iCrj. Therefore 

U^'iflj U (U™ = X and diam(f7,) < 7?/2. 
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(Note that K' < m™.) Since Oi n Oj = 0, if i ^ j, we may assume that Oi C rJ^, i = 1, 2, m 
and ^Toii-o$(^^i) > 0, i = 1,2, ...,i4r (and ^ro7ro*(f^i) = if j > and K' > K > m). Let 
Bq. = Her(7r o $(rij)), i = 1,2, ...,K'. Since i3„ has real rank zero, (?oo({B„}) also has real 
rank zero. Hence there is an approximate identity {ei(n)} for for each i. Then 

r(ej^"^) y /ir07ro*(fii), 

i = 1, 2, ...,K. Since /z^o^o*(^ \ Uf^a.) = 0, 

i=l 

as n — )■ oo. So 

r(l — ^ Cj-"^) ^0 as n — > oo. 

Since /iT07ro$(^^i) > for i = 1, 2, .... K, we obtain projections qj {— ej{n) for some large n) so 
that 

K 

{AKL + 5)r(l - ^ gfc) < r(g,) z = 1, 2, if. 

k=l 

By Lemma 2.5 of ^35, and by the choice of ry, one obtains 

K 

IK o $(/) - [(1 - q)^ o $(/)(l - <z) + ^ fiCMW < e/2 and 

fe=i 

||g^o$(/)-7ro$(/)g|| <£/2 

for all / e J^o, where q — X^fcLi Qk- Thus, for all sufficiently large n, there are nonzero mutually 
orthogonal projections p{l,n),p{2,n), ...,p{K,n) G Bn such that 

K 

WMf) - [i'^~Pn)Mm^Pn) + Y.fi<^k)p{k,n)]\\ < e/2, 

\\Pn0n (,/) - M.f)Pn\\ < e/2 for aU f E and 
(4XL + 4)r„(l -p„) <T„(p(fc,n)), 

where p„ = SsLi "■)■ Note that Oi C ili, i = 1, 2, m. Since {xi, a;2, Xm} is ?7/2-dense 
in X, by the choice of 77 and by replacing some of points S.j which close to Xi within 77/2 by Xi 
and p{k, n) by sum of some p{k' , n)'s, we may assume that K = m and = Xi. Furthermore, 
it is also clear that we may assume that 

(J • Tj 

T{Pk) > = 1,2, ...,m. 

This is a contradiction. □ 
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Lemma 4.4. Let X be a compact metric space, e > and T C C(X) he a finite subset. Let 
L > be an integer and rj > be such that \ f{x) — f{x')\ < e/8 if dist{x,x') < rj. Then, for 
any integer s > 0, any finite r//2-dense subset of X for which Oi CiOj =0 for i ^ j, where 

0, = {^eX : dist(e, x^) < r]/2s} 

and any l/2s > cr > 0, there exist 7 > 0, a finite subset Q C C{X) and 5 > Q satisfying the 
following: 

For any unital separable stably finite C* -algebra A with real rank zero, r G T{A) and any 
unital Q-S -multiplicative contractive completely positive linear map (j),ip : C{X) A with 

\t o (j){g) —TO i/j{g)\ < 7 for all g & G, 

and if 

fJ-To4,{Oi), ^ro^{Oi) > a ■ rj, 

for all i, then there are mutually orthogonal projections pi,p2, ■■.,Pm and qi, 92, 9t?x in A 
such that 

m 

mf)-{{l-p)^{f){l~p)+Y.f{x^)p^)\\<e for all /e^ 

i=l 

and <£/2, 

where p = J^iLiPi, 

m 

T{pk) > {3mL + 3)t(1 - y^Pi) and T{pk) > ^-^,k = 1,2, ...,m, and 

i=l 

m 

+ for all / G ^ 

1=1 

and 11(1 9)11 <e, 

where q J2'iLi <lii 

m 

T{qk) > {3mL + 3)r(l - q^) and T{qk) > a ■ ri/2, k—l,2,...,m, and 



\r{q.)-^ripk)\< ^^ff^^\ k^l,2,...,m. (e4.8) 

Proof. First we note that only le4.8|) needs a proof. The proof is similar to that of 14.31 But 
we need to "dig" out the projections simultaneously. 

Let Bn be any sequence of unital separable C*-algebras of real rank zero, (pmtpn '■ C{X) 
Bn be any unital contractive completely positive linear maps and t„ e T{Bn) such that 

lim ||0„(a6) - 0„(a)0„(fe)|| = 0, lim \\ipn{ah) ~ V'ri(a)'0n(fc)|| = and 
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Km |t„ O (f>n{f) - T„ O 1pn{f)\\ = 

for all a,bj £ C{X). Let $, * : C(X) ^ ?°°({B„}) be defined by $(/) = {0„(/)} and 
= {V''n(/)}i respectively. Let tt : l°°{{Bn}) qoo{{Bn}) be the quotient map. As 
in the proof of 14.31 tt o $, tt o ^I* : C{X) qoo{{Bn}) are unital homomorphisms. By the 
assmnption, borrowing the notation in the proof of 14.31 t o n o ^ = tottov]/. Thus, in the 
proof of 14.31 one has 

/^T,Tro<E)(^^i) ~ /iT,7ro*(i^i)j * ~ Ij 2, K. 

Note that we assume that /iT.iro$(i^i) > 0, i — 1,2, ...,K. Note also that m < K < m™. Let 
{e^(n)} be an approximate identity for Her{'K o ^„(f2j)). Put 

r = inf{/i.r,7ro*(rii) : « = 1, 2, ...,K] > 0. 

So one can choose n so that 

\T{e'j{n)) -T{ej{n))\ < r/{4KL + A) as well as 

K 

r(e;(n)) > + 4)r(l - ^ e; (n)), j = 1, 2, ...,K. 

i=i 

We then apply the last argument of the proof of 14.31 It is then clear from the proof of 14.31 
that, by matching the size of projections that one may further require He4.8|l to be held. □ 

The following is taken from Theorem 3.1 in (see also Remark 1.1 in Some special 

cases of this can be found in [^, ^Hl- A different form, but similarly in nature, of the following 
was proved in |H]. 

Theorem 4.5. Let X be a compact metric space. For any e > and any finite subset 
T C C{X), there exist (5 > 0, 77 > 0, an integer N > 0, a finite subset Q C C{X) and a finite 
subset V C P(C(X)) satisfy the following: 

For any unital C* -algebra A with real rank zero, stable rank one and weakly unperforated 
Ko{A) and any unital Q -5 -multiplicative contractive completely positive linear maps (f),^p : 
CiX) ^ A, tf 

then there exists a unitary u £ Miqk+i{A) such that 

(kif) © f{xi) ■ In ® fix2) • Iat ® • • • f{xk) ■ In ^if), f{xi) ■ ®In ® f{x2) • Ijv ® • • ■ ® /(xfc) • In 
for all f £ J-, and for any rj-dense set {xi,X2, in X. 

Theorem 4.6. Let X be a compact metric space, £ > and T C C(X) be a finite subset. Let 
rj > be .such that \ f{x) — f{x')\ < s/8 if dist{x, x') < rj. Then, for any integer s > 0, any 
finite ri/2-dense .subset {xi,X2, ...,Xrn,} of X for which 0^0 0^=0, where 

Oi = {x e X : dist(x,.x.i) < r]/2s} 
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and any l/2s > a > 0, there exist 7 > 0, a finite subset Q C C(X), 5 > 0, and a finite subset 
V C P(C(X)) satisfying the following. ■ 

For any unital separable simple C* -algebra A with TR{A) ~ 0, any Q -6 -multiplicative 
unital contractive completely positive linear maps (jj^ij) : C{X) A with 

\t o (p{g) -TO ip{g)\ < 7 for all g E G and for all r e T{A),if 

MTo0(Oi), /^Tov(Oi) > (J ■ r], 
for all i and for all r £ T{A), and, if 

then there exists a unitary u E A such that 

(f> '^i; ip on T. 

Proof. Fix e > and a finite subset T C C{X). Let Si, Qi, Vi, iji and integer N be required 
by 14. 51 for e/8 and JF. Let L = 27V. There is a finite subset J-i C C{X) and <52 > satisfying the 
following: for any ^i-(52-multiplicative contractive completely positive linear maps Hi,H2 : 
C{X) B (for any unital B) if Hi Kis^ H2 on Ti implies that 

[Hi\\v,^[H2\\v, (e4.9) 

Without loss of generality, to simplify notation, we may assume that Ti J- and 82 < 5i. Set 
^2 = Si U JFi. Let 772 > 0, cr > 0, (53 > 0, 71 > and a finite subset Q2 be required in 14.41 
corresponding to e/16, J-2, L. We now let = ^2^02 and rj = minjTyi, 772}. We may assume 
that S3 < ^2- Let xi,X2, .•.,a;m G X be an 77/2-dense subset. Suppose that 

o, n o, =0, if i, 

where Oi = {x £ X : dist(a;, Xi) < r]/2s}, and suppose that 

Airo0(Oj), iJ-To-4,{Oi) > ?7 • cr for all r e T(A), 1 <i <m. 
We also assume that 

|r o (/)(/) -Toi/;(/) I < 7/2 for all / G e and for aU r G r(yl). (e4.10) 

Since TR{A) — 0, there exists a sequence of finite dimensional C*-subalgebras i?„ with 
Cn = 1_B„ and a sequence of contractive completely positive linear maps : A — > i?„ such 
that 

(1) lim„^oo ||e„a - ae„|| = for all a G ^, 

(2) lim„^oo \\4>n{a) - e„ae„|| = for all a G A and <^n(l) = e„; 

(3) lim„^oo \\(j)n{ah) - 0„(a)(/)„(6)|| = for all a,h & A and 

(4) t(1 - e„) uniformly on T{A). 
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In what follows, wc may assume that 

^(1-6") < ^^T^ for aU rGT(A). (e4.11) 
8mL + 1 

We write i?„ = D{i,n), where each D{i,n) is a simple finite dimensional C*-algcbra, a 
full matrix algebra. Denote by <i>(i, n) : A D(i,n) the map which is the composition of the 
projection map from _B„ onto D{i, n) with Denote by T(i, n) the standard normalized trace 
on D{i,n). Note that any weak limit of T{i,n) o $(i,n) gives a tracial state of A. By (Ie4.10|l 
and (4), we have, for all sufficiently large n, 

T(i, n) o $(1, n) o (j){g) — T{i, n) o $(1, n) o 'ip{g)\ < 7 for all g G Q. 

Put (/)(i_„) = n) o (j) and V'(i,n) = ^) ° V'- By (4), for all sufficiently large n, we have 

A^T(j,n)o0(i,„)(OA;) > cr • ?7/2 and Hrii,n)oi,(,_„)iOk) > cr ■ r]/2, fc = 1, 2, to (e4.12) 

for each i. From (1), (2), (3) above and (|e 4.12|) . by applving l4.4l for each i and all sufficiently 
large n, we have 

m 

\\(l'(i,n){f) - [(lD(j,n) -Pi,n)0(j,n)(/)(lD(j,n) " Pj,n) + ^ /(Xj i, n)] I| < e/8, (e4.13) 



Ibvn0i,«(/) - 0i,n(/)Pj,n|| < e/8 and ||q„V'j,n(/) - i'i.nn{f)qt,n\\ < e/8 
for all / G tj, where z, n),p(2, i, ...,p(to, i, n) G D{i,n) are nonzero mutually orthogonal 
projections, pi,„ = 1 - J2T=i ^'O' ^^"^ = ^ ^ "^)- Moreover, 

(3toL + 3)T(i,n)(l_D(i,„) -Pi,„) < T{i,n){p{k,i,n)), (e4.15) 
(3mL + 3)T(i,n)(l£,(i^„) ~ qi^n) < T{i,n){q{k,i,n)), (e4.16) 
\T{i,n){p{k,i,n)) — T{i,n){q{k,i,n))\ < miii{T{i,n){p{k,i,n)} /SmL and (e4.17) 

k 

T{i,n){p(k,i,n)), T{i,n){q{k,i,n) > a ■ rj/2, 1 < k < m. (e4.18) 
For convenience, we may assume that 

T(i, n)(p(k, i, n)) > T{i, n){q(k, i, n)), I < k < mi < m and 
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T(i,n)(q{k,i,n)) > T{i,n){p(k,i,n)) mi + I < k < m. 

In D{i, n), there are projections p{k, i, n)' < p{k, i,n), k ^ 1, 2, mi and q{k, i, n)' < q{k, i, n) 
k = mi + 1, mi + 2, m such that 

T(i, •n){p{k, i, n)') — rii, n){q{k, i, n)), fc = 1, 2, mi and 

T(i, n)(q{k, i, n)') = T{i, n){p{k, i, n)), k = mi + 1, m,i + 2, m. 

Put p[ „ = J2kli P( fc.^. "y + Efclm i+i p(M^and = X^^ii ")+Er=mi+i iC^^ h ")'■ 

One computes, by He4.15|) . He4.1t)|l and He4.17|l . that 

(2mi + l)r(i,n)(l£,(j_„) -_p-^„) < T{i,n){p{k,i,n)), T{i,n){p(k,i,n)') and 

(2mL + l)r(i,n)(l£,(,^„) - (j-^„) < T{i,n){q{k,i,n)), T{i,n){q{k,i,n)') and 
r(i, n){p{k, i, n)') > (a • ?7)/2 for 1 < fc < mi, and 
r(i, n)(q{k, i, n) > {a ■ ri)/2 for mi < k < m. 

One also has 

j=l j=mi+l 

and 

mi m 

IIV'(»,«)(/)-[(lD(»,n)-9U)V^(^«)(/)(lo(»,n)-gv,J+X!-^(^j)5(-?'*''^)+ 51 /(^^jO^O'' II < 

j = l j = T?li+l 

for ah / eg. 

Note that in D(i, n), there is a unitary M(i^„) such that 

'^{i,n)PU: h n)'u(,^n) = qU, h n) , 1 < J < TOi and u*,^n)P{j, i, n)u(,^„) = q{j, i, n)' , mi < j < m. 

Thus without loss of generality, we may assume that p{j,i,nY = q{j,i,n) and p{j,i,ny = 
q{j,i,n). Furthermore, by changing notation if necessary, we may assume that (|e4.13f) and 
(le 4.1411 hold as well as 

(2mL + l)T(j,n)(l -pn) < T{i,n){p{j,i,n)) (e4.19) 

and pi^n = Qi,n, p{ji i, n) — q{j, i, n). By combining all i, without loss generality, we may write 
that 

m 

||0n(/)-[(ls„ -/'n)0n(/)(ls„ -i'n) + 5I/K)^(fc'")]ll <e/4 and (e4.20) 

fc=l 
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Unif) - - Pn)Mm\B„ - Pn) + ^ /(a^fc)^!^, n)]|| < e/4 (e4.21) 

fc=i 

for all f <E J-. Here P(fc, n) — Ym=i Pi^^ h n) and P„ = 1b„ ~ X^fcLi ^(^j '^)- 
Furthermore, we also have 

(2mL + 1)[1b„ - f„] < [P(fc,7i)] m B„ and t{P{k,n)) > for aU i e T(^).(e4.22) 

It follows from le4.22|l and He4.11|l that {TR{A) = 0) 

{mL + 1)[Ia - Pn]<[P{k,n)] in A, fc = l,2,...,m. (e4.23) 

Put 

H^{f) = {lA-Pn)hl{f){lA-Pn) and i/2(/) - (U--P„>2(/)(U-Pn) 

for / e C(X). It follows from (1), (2) above and by He4.2n|l and le4.21|l . for aU sufficiently 
large n, one estimates that 

4>--e/AHi®{®'C=J{xi)P{k,n)) and (e4.24) 

^ ~e/4 © (e4.25) 
on Q. By the choice of J-i and (52, one obtains that 

[Hi ® ®^=J{x,)P{k,n)]\v, = [H2 © ®T=lfix^)P{k,n)]\v, 
It follows that (by working in each group Ki(A(^Cn)) 

Denote E ^ 1a - Pn and define Hi, : C{X) M^{EAE) by 

=diag(/(a;i),/(x2),...,/(x™)) for all / G C(X) 

and define ^ H'q ® H'q ® ■ ■ ■ ® H'^ : C{X) M^n{EAE). Then, by the choice of N, 771, 
5i, Qi and Vi and applying ^31 we obtain a unitary u G MmAf+i(£'^£') such that 

Hi ® Ho «e/2 H2 ® ffo on T. (e4.26) 

Rewrite Ho{f) — J2T=i f{^k)E'^, where E[,E2, ■■■,E'^ are mutually orthogonal projections, for 
/ G C{X). By (Ie4.iij|) . there is a unitary G A such that W*E'^W < P{k,n), A: = 1,2, ...,to. 
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Put Qk = P{k,n) - W*E'^W and define i?oo(/) = ELi f{xk)Qk for / G C{X). Then one 
has 

Hi® Ho® Hoo - ffi ® (©^=i/(xfe)P(fc,n)) and (e4.27) 

H2®Ho® Hoo -H2® {®"kUfix^)P{k, n)) (e4.28) 
on J". FinaUy, by ()e4.26|l . (|e4.27|l . He4.28|) . He4.24|l and He4.25|l . one obtains 

4> on jr. 

□ 

Now we are ready to prove Theorem 13. 31 
Proof of Theorem lOl 

Proof. Let r/ > and xi, a;2, Xm G X be an ry/4-dense subset. Choose an integer s > such 
that 

o, n o, =0, if 1 7^ i, 

where Oi = {a; G X : dist(a;,a;i) < ry/2s}. Let g.^ G C(X) such that Q < gi < 1, = 1 if 

dist(x, Xi) < r]/8s and gi{x) = if dist(x, Xi) > rj/As, i = 1,2, m. 
Since A is simple and hi is a monomorphism, 

inf{T(g,) : r G T{A)} = > 0, i = 1, 2, m. 

Thus fJ.Tohi{Oi) > tti for all r G T{A), i — 1,2, m. Choose d — inf{ai : 1 < z < m}/?;. Then 

Mrohi (Oi) > (i • 77, i 1, 2, TO. 

Choose a = min{d/2, l/2s}. Let Q ~ G ^ {gi '■ 1 < i < ™}- By choosing small 7, if 

|t o -TO /i2(g)| < 7 for all g (^Q, 

one also has 

tJ-Toh2iOi) > a o rj, i ^ 1,2, ...,m. 

We see then El follows fromOl □ 

Proof of Theorem 13.41 

Proof. It is an immediate consequence of Theorem 13.31 □ 

Definition 4.7. Let X be a compact metric space and A be a stably finite C*-algebra. Let 
C — PMk{C{X))P. Suppose that /i : C — >• A is a unital homomorphism and r G T{A). Define 
(f> : C{X) ^ C by (f>{f) = / • P for / G C{X). Define f = r o : C{X) C. We use fir for the 
probability measure induced by f . This notation will be used below and in the proof of 16.31 
Note also if X is connected and has finite dimension, then C is a full hereditary C*-subalgebra 
of MkiC{X)) consequently K,{C) = K,{C{X)) {i = 0, 1). 
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Corollary 4.8. Let X be a finite dimensional compact metric space and let C = PMk{C{X))P, 
where P £ Mk{C(X)) is a projection. Let e > 0, T C C be a finite subset. Let r] > 
be such that \f{x) — f{x')\ < e/8. Then, for any integer s > 0, any finite rj/2-dense subset 
{xi, X2, Xm} C X such that Oi Cl Oj — if i ^ j, where 

Oj ^ {x e X : dist{x,Xi) < 7]/2s} 

and any l/2s > cr > 0, there exist 7 > 0, (5 > 0, a finite subset Q <Z C and a finite subset 
V C P(C) satisfying the following: 

For any unital simple C* -algebra A with TR{A) — 0, any unital Q-S -multiplicative con- 
tractive completely positive linear maps, (f>,ip '. C ^ A with 

\t o 4'{a) —TO ^{a)\ < 7 for all g 'E G and for all r e T(A), 
/iro0(Oj), iJ-Toi,{Oi) > a - ri 

for all i and r £ T{A), and if 

then there exists a unitary in A such that 

(j) ^ on T . 

Proof. First let us assume that C = Mk{C{X)). Let {cij} be a system of matrix unitis. 
Suppose that {(f>n} : C ^ yl be a unital sequentially asymptotic morphism. There is a 
sequence of projections pn € A such that 

lim \\<f>n{eii) ~Pn\\ = 0. 

n — >cxD 

One obtains a sequence of elements a„ G A such that a„0„(eii)a„ — p„ and 

lim ||a„ -p„|| = (e4.29) 



n — ^00 



Let (fi'nic) = a„0„(c)a„ for c G enCen (= C{X)). Then 0^ is a completely positive linear map. 
Since (j)'^{lc) = Pn, it is a contractive completely positive linear map. Since X]i=i = ^C, it 
is easy to check that, for all large n, there are elements {a|"^} C A such that {a|j''} forms a 

system of matrix unit (with size k) such that a^"'' — Cn and X)i=i — ^A- In other words, 
we may write A = Mfe(e„j4e„). 

Define : C ^ Mfc(e„Ae„) by (f)'l^ = (j)'^ ® iAm^ - By (le 4.2911 . we have 

lim ||0„ - (/)^|| = 0. 

n— >oo 

It follows that 

lim ||0„-</,;;i| = 0. 
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Therefore we may assume that ^(en) is a projection. Note T{(j){f ■ en)) = {l/k)f o (f)[f ■ P)) 
for / S C{X). It is then clear, by identifying enCen with C(X), that we reduce the case that 
C = Mk{C{X)) to the case that C = c\x) which has been proved inOl 

Now we consider the general case. Suppose that C = PMk{C{X))P and dimX = d. It 
follows from 8.12 of |221 (see also 6.10.3 of PP) that there exists an integer K >1 {K < 2dk) 
such that there is a projection Q e Mk{C) and partial isometry z S Mk{C) such that z* z = P 
and zz* < Q and QMk{C)Q = M/(C(X)) for some integer Kk > I > 0. Suppose that 
{4>n} and {tpn} are two unital sequentially asymptotic morphisms from C into A. Define 
$n = (/"n idMjf and — ipn ® idMx- Then {$„} and {^'n} are two unital sequentially 
asymptotic morphisms from Mk{C) into Mk{A). Using and again for the restriction 
of $„ and '^n on QMk{C)Q. There exists projections e„,e^ G Mk{A) such that 

lim ||$„(Q)-e„|| =0 and lim ||*„(Q) - e^H = 

n — >QO n — >oc 

One obtains a„, a'^ G Mx(^) such that 

a„$„((9)a„ = e„, a^\I'„((5)a^ = e„ and lim ||a„ - e„|| = 

n — >oo 

Thus, by replacing $„ by an^nO-n and by a'j^a^, we may assume that $„ and '^n map into 
e„Ae„ and e^AeJ^ respectively. By the assumption, we may also assume that e„ and e'^ are 
unitarily equivalent. Without loss of generality, therefore, we may assume that e„ = e^. Note 
that we have prove the case that C = Mk{C{X)). Since C is a C*-subalgebra of QMk{C)Q = 
A'Ii{C{X)), one easily concludes that this corollary holds. □ 



5 Approximately conjugacy 

Proposition 5.1. Let {X,a) and {X,p) be minimal systems such that TR{Aa) = TR{Ap) = 
0. Then {X,a) and {X,P) are C* -strongly approximately flip conjugate if and only if there exist 
an isomorphism (j) : Aa Ap, sequences of unitaries {un} C Ap, {vn} C Aa and sequences of 
isomorphisms Xm A„ : C{X) — > C{X) such that 

lim ||adu„ o (/)o j„(/) - o x„(/)|| = and lim I|ad v„ o 0"^ o j^(/) - j„ o A„(/) || = 

n— >oo n— *oo 

for all f e C{X). 

Proof. The "if part" is obvious. Suppose that (X, a) and {X, (3) are C*-strongly approximately 
flip conjugate. Suppose that 0„ : Aa Ap are isomorphisms such that [(/>„] = [^i] in 
KL{Aa,Ap) for all n and 

lim UnojM)-il3°Xn{f)\\ = for aU / e C{X). 

n — >oo 

Let {!Fn} be an increasing sequence of finite subsets of Aa for which the union U„.?"„ is dense 
in A. Since [0„] = [^i] in KL{Aa, Ap), by Theorem 2.3 in |2H], there is a unitary u„ £ Ap 
such that 

ad-Un o (t>n on Tn 
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It follows immediately that 

lim ||adu„ o 01 o - o x„(/)|i = for all feC(X). 

n — 'oo 

The required unitaries {w„} can be obtained the same way. □ 

Proof of Theorem lOl 

Proof. To see the "only if " part, suppose that there exists a sequence of isomorphisms 4>n : 
Aa — > and there exists a sequence of isomorphisms x„ : C!{X) C{X) such that [</>„] = [0i] 
in KL{Aa, Ap) for all n and 

lim \\MMf))-Jl3 0Xn{f)\\ - for all / e C{X). (e5.30) 

n — >C30 

Put 9 — [(pn]- It follows from Ije 5.30(1 that, for any finitely generated subgroup G C K(C(X)), 
for all sufficiently large n. Since [0„] = 6, it follows that 

(0n)p = Op- 

Therefore 

lim \\PAa °jl3°XnU) - ° PA^ o ja(/)ll = 

n — >oo 

for all / e C{X)s,a- This proves the "only if " part. 

To prove the "if part, we applv lTSl Since both Aa and Ap are simple amenable separable 
C*-algebras which satisfy the UCT, if {X, a) and {X, (3) satisfy the condition of the theorem, 
then, by ^HIj there is an isomorphism h : Aa — > A/s such that [h] = 9. Moreover, for any finite 
subset Q C C{X) and any 7 > 0, there exists > such that, for all n > N, 

\Tohoja{f) - TO 

J/3 ° Xn (/)| <7 for aU feC{X) 
and all r G T{Ap). Since, for any finitely generated G C K(G(X)), 

[ho ja]\G [jf3 ° Xn]\G for aU sufhciently n, 
it follows from 13.31 that there are unitaries Un G Ap such that 

lim \\K{hojaif))un~jpoxn{m = for aU / £ C{X). 

n—^oo 

The same are argument provides unitaries G Aa such that 

lim \K{h-^ojp{f))v^-ja o A„(/)|| = for all / e C{X). 

□ 
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Definition 5.2. (3.1 of Let X be a compact metric space and let a, f3 : X ^ X he 
minimal homeomorphisms. We say that a and (3 are weakly approximately conjugate, if there 
exist two sequences of homeomorphisms cr„ , 7„ : X X such that 

hm (cr„oaoCT^^)(/) and hm (7,, o /3 o 7^i)(/) = a(/) 

n— >oo n—>-oo 

for aU / e C(X). 

It easy to see (as in 3.2 of 45 ) that there exists a sequentially asymptotic morphism 
{(/)„} : Aa Ap and a sequentially asymptotic morphism {ipn} ■ Ap — > Aa such that 

lim \\(f>n{Ua) - Up\\ ^ 0, lim ||V'n("/3) - "all = 0, 



lim ||0n(ja(/)) -i/3(/o7n)ll = and lim ||V'n(j/3(/)) - j«(/ o (t„) II = (e5.31) 

n— >cxj n — *-oo 

for aU / e C(X). 

It is proved in |45j that, when X is the Cantor set a and /3 are weakly approximate 
conjugate if a and f3 have the same period spectrum. Therefore it is a rather weaker relation. 

Definition 5.3. Let X be a compact metric space and let a, /3 : X ^ X he minimal home- 
omorphisms. We say a and (3 are approximately K-conjugate, if a and /3 are weakly approx- 
imately conjugate with the conjugate maps {(T„} and {7n} such that there are isomorphisms 
(/)„ : Aa A(3 and 'ipn : Ap Aa 

lim Wjpif "In) - (f>nO ja{f)\\ ^ and lim ||ia(/ o cr,i) - "iAn ° i/3(/)ll = 

n — >oo n — >OD 

for all / G C'(X) and [cpi] = [</)„] = [ipn^] in KL{Aa, Ap). This definition is only for the cases 
that TR{Aa) = TR{Ap) = 0. 

Remark 5.4. It is easy to see that approximate i^-conjugacy is stronger than C*-strong 
approximately flip conjugacy. For weakly approximate conjugacy, we do not require anything 
for the conjugate maps. For approximate X-conjugacy, we require that the conjugate maps 
have consistent information on /^-theory. Suppose that a and (3 are weakly approximately 
conjugate with the conjugate maps {cr„} and {7n}- Suppose that {0„} : Aa — > Ap and 
{ipn} ■ Ap — > Aa are the induced sequential asymptotic morphisms as in 15.21 Suppose that 
{(pn} and {'ipn} induce two elements 9 G KL{Aa, Ap) and in C £ KL{Ap, Aa) which give 
unital order isomorphisms in Hom{K^(Aa), K:f(Ap) and Hom{K:f(Ap), K^{Aa), respectively. 
Furthermore, we assume that x — [id^^] and 1^ x 6 — [id^i^]. Let Xn{f) = f o cTn and 
^n{f) ~ f ° In- Then it is straight forward to check that, for any finitely generated subgroup 
G C K{ C{X)) [ia] X e\G = [ii3 o o-,*]|g and [jp] x O^'^Ig = [ja o K]\g for aU sufficiently large 
n. From Ije 5.31|l . we also have 

lim ||0pop^^oj„(/)-p^ oj^oA„(/)|| = and lim 116*^ ^ op^ oj^(/) -p^ oj„ ox„(/) || = 

for all / G C{X)s.a.- It follows from l3.8l that {X,a) and {X,P) are C*-strongly approximately 
flip conjugate. Since they are also weakly approximate conjugate with the conjugate maps 
{(Tn} and {7n}, one checks that they are in fact approximately if-conjugate. 
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Proof of Theorem I^HTI 

Proof. Most of the proof was given in In particular, the equivalence of (iii), (iv) and (v) 
are given there. The equivalence of (iii) and (vi) was given in |1_ZI- That (ii) implies (i) follows 
from 15.41 Moreover, it is obvious that (i) implies (iv). It follows from Lemma 3 of 56 that, 
if (T G [[/3]], then there is a unitary u G Ap such that u*jp{f )u = jp{f o a)) for all / G C{X). 
Then an easy computation of ordered i^T-theory of and Af^ shows that (v) implies (ii). □ 

6 The Rokhlin property 

Lemma 6.1. Let A be a unital simple separable C* -algebra with stable rank one and real 
rank zero and let a G Aut{A) such that a*o|G = idc for some subgroup G C Kf){A) for which 
Pa{G) — pa{Ko{A)). Then T{a) = r o a{a) for all t G T{A) and for all a G A. 

Proof. First we claim that a,o(kerp^) — 'kevpA- Since a is an automorphism, it suffices to 
show that a*o(kerpA) C VevpA. Let z G kerp^. Take x G Ki^{A)+ \ {0}. Then x ± nz > Q for 
all positive integer n. It follows that a<,Q{x ± nz) > 0. Thus pyi(a*o(a^ i nz)) > 0. It is then 
easy to see that p^(a,o(^)) = 0. 

For any projection p ^ A, there is a; G G such that a; — [p] G kerp^i. It follows that x > 0. 
Since A has stable rank one there is a projection q G A such that [q] — x. Thus r(p) — r(q) for 
all r G T{A). Since [q] G G, by the above assumptions, [a{q)] ~ [q]. Again since A has stable 
rank one, there is a partial isometry v £ A such that 

v*v = q and vv* — a{q). 

By the first part of the proof, a*o(b] ^ [q]) £ kerp^- In particular, r(a(p)) = r(a(g)) for all 
T G T(A). It follows that 

t{p) = T{q) = T{a{q)) = T{a{p)). (e6.32) 

In other words, [p] — [a{p)] G kerp^i. 

Suppose that a = J27=i ^iPi^ where Xi are scalars and pi,P2, ■■■,Pn are mutually orthogonal 
projections. Then a{a) = X]r=i ^i'^iPi)- It follows from Ije 6.32|l that r(a) = r o a{a) for all 
T G T{A). Since A has real rank zero, it follows from 6 that every self-adjoint element is a 
norm-limit of self-adjoint elements with finite spectrum. It follows that r(a) = r o a{a) for all 
self-adjoint elements. The lemma then follows. □ 

Lemma 6.2. Let A be a unital simple separable C* -algebra with TR{A) = and let a G 
Aut{A) such that a*o|G = idc for some subgroup G of Kq(A) for which pa{G) = pa{Kq{A)). 
Suppose that {pj} is a central sequence of projections such that [pj] G G and define 0j(a) = 
PjCipj and ijjnia) = a{pj)aa{pj), j = 1,2,.... Then {(/)«} and {ipn} are two sequentially 
asymptotic morphisms. Suppose also that there are finite dimensional G* -subalgebras Bj and 
Cj = a(Bj) with Isj = Pj o,nd = ctiPj) such that [pj^i] G G for each minimal central 
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projection pj,i of Bj (1 < i < k{j)) and there are sequentially asymptotic morphisms {(j)'^} and 
{ip'j} such that 

<^;.(a) C Bj, V;(a) C Cj, 
lim \\cj)j{a) - (t)'Aa)\\ = and lim ||V'j(a) - i^'M)\\ = for all a e A. 

j — ^OC' j — *oo 

Then, for any e > and for any finite subset Q C A and a finite subset of projections 
Vo C Mh{A) for which \p] G G for all p &Vo, there exists an integer J > such that 

\t o (pj{a) —TO ipj{a)\ < s/T{pj) for all a & Q 

and for all r G T{A), and, for all j > J, 

Proof. Let q G Mk(A) be a projection such that [q] € G. Put P — a (g) idM^- By replacing A 
by Mii{A), a by /3, (f>j by (f>j ^ idMfc and ipj hy ip (x) idM^, respectively, to simplify notation, 
we may assume that q G A. By the assumption, there is a partial isometry v € A such that 
vv* = q and vv* = a~^{q). Define Bj^i =pj^iBj, i = 1,2, ...,k{j). Keep in mind that Bj^i is a 
simple finite dimensional C*-subalgebra. Define 

4'j,i = P],i(l>jPj.i, <l>'j,i=Pj,z<l>'j, V'i.i = a(Pi,i)V'ja(Pi,i) and ipj.^=a{pj^i)'i/jj, 

i = 1,2, k{j). By replacing ipj by ad o ipj for some suitable unitaries Wj, if necessary, we 
may assume that Bj is orthogonal to Cj. There is a partial isometry zj^i G A such that 

^li^j-i =P},t and Zj,iZ*^^ = a{pj^i). 

Then Zj^i, Bj^i, Gj^i generate a C*-subalgebra Dj^i = M2{Bj^i) which is a simple finite dimen- 
sional C*-algebra. 

There are projections ej^i G Bj^i and e'j ^ G Gj^i such that 

lim ||ej,j - (l>j,i{q)\\ = and lim ||e' ^ - tpj,i{q)\\ = 0. 

Moreover, 

lim \\Pj,iV*Pj,ivpj^i - ej^iW = and lim \\Pj,ivpj,iV*pj^i - ■^j,i(Q!~^(g'))|| = 0. 

Thus 

for all large j. On the other hand, 

a{Pj,i)qa{pj,i) = a{pj,ia-^{q)pj,i). 

Therefore 
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for all large j. But [Q;(ej,i)] — [cj,,] £ kerp^. So, for any r 6 T{A), 

T{ej,i) — T{a{ej^i)) for all large j. 



However, for each trace r € ^(yl), there is > such that t\d. . — Xj,iTr, where Tr is the 
standard trace on -Dj,i. Hence 

Tr(ej, i) = Tr(e^ J for aU large j. 

It follows that 

= m Ko{Dj^i) for all large j. 

Thus 

= [V^jlg)] in i^o(A) for all large j. (e6.33) 
Since \pj] 6 G, there is a unitary Zj such that 

Suppose that a = X^I'Li ^k^k, where Afc are scalars and ei,e2, ...,em are mutually orthogonal 
projections. Then, since A has stable rank one (since TR{A) = 0), by (|e t).33|l . there is a 
sequence of unitaries {Uj} in PjApj such that 

lim ||t/*0j(a)[/j - adZj o ipj{a)\\ = 0. 

It follows that there is an integer Jq > such that 

\T{<j)j{a))-T{^j{a))\ <e 

for all T £ T{pjApj) and for all j > J. Since TR{A) = 0, the set of self-adjoint elements with 
finite spectrum is dense in A^.a.- The lemma follows. 

□ 

Lemma 6.3. Let A be a unital separable simple amenable C* -algebra with TR{A) = satisfy- 
ing the UCT, and let a G Aut{A) be such that a*o|G — idc for some subgroup G of Ko{A) for 
which pa{G) = pA{Ka{A)). Suppose also that {pj{l)}, I = 0, 1,2,...,L, are central sequences 
of projections in A such that 

Pj{l)pj{l') =0 if l^l' and lim \\pj{l) - a\pj{0))\\ =0, 1<1<L 

Then there exist central sequences of projections {qj{l)} and central sequences of partial isome- 
trics {uj{l)} such that qj{l) <Pj(l) 

u,{l)*u,{l) = q,{l), u,{l)u*{l) - a\q,m 

for all large j, and 



lim \\a\qj{0)) - qj{l)\\ = and lim t{pj{1) - qj{l)) = 

j — * oc j — * oc 



uniformly on T{A). 
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Proof. It follows from Theorem 5.2 of 021 and Theorem 4.18 of ^1] that we may assume 
that A — UnAn, where each An has the form PnM^n){C{X))Pn, where each X is a finite 
dimensional compact metric space and P„ G M^n-^{C{X)) is a projection, we may further 
assume that (/)„ are injective. Fix a finite subset T C A and e > 0. Let J-i = uf'^Qa^' {J-) . 
Without loss of generality, we may assume that J^i C C, where C = P„Mj.(„) (C(X))P„. 

Note that {a{pj)} is also a central sequence. Since limj^oo lbj(0 ~ Q^'(Pj(0))ll — Oj there 
are unitaries Wj € A such that 

lim - 1|| = and w*a' {pj{0))wj ^ pj{l). (e6.34) 

Let Pj = adwj o a. 

Let V C P(C) be a finite subset. Choose an integer ko > such that 

rnK,{c,z/jZ) = {o},j>ko. (ee.as) 

Fix 77 > 0, and let {xi,X2, be an 77/2-net in X. Suppose that s > is an integer so 

that Oi n Oj = 0, if i 7^ j, — 1, 2, iiT, where 

Oi ^ {x e X : dist(a;, Xi) < ?7/2s}, « = 1, 2, K 

Let /i be a nonnegative continuous function in C{X) such that < /i < 1, /^(y) = 1 if 
dist(?/, Xi) < e/4 and /^(y) = if dist(j/, Xi) > ■q/2. Let Oi = fiPn G C. Since A is simple, there 
are bi^k G ^ such that 

m{i) 

fc=l 

Let c = max{&*j.6jfc : 1 < fc < if} and A/q = max{m(fc) : fc = 1, 2, K}. Put a = I/AcMqT). 
Since {pj{l)} is central, 

m{k) 

hm 11 p,{l)b:,p,{l)a,p,{l)hkP,{l) -pM\ = (e6.36) 

1^1,2,..., K. 

Since TR{A) — 0, there is a central sequence of projections {e„} and a sequence of finite 
dimensional C*-subalgebra i3„ C A with ls„ = e„, such that 

(i) Cnxen Ce„ Bn for all X G A, where e„ > and < 00, and 

(ii) lim„^oo ''"(1 — Cn) = uniformly on T(A). 

There is a subsequence {n{j)} and projections Qj{l) < Pj{l) {I — 0, 1, L) such that 

lim \\Qj{l) -pj(Z)e-(„)|| = 0. 

Note also that, by (i), 

lim dist(pje„Q),B„(j)) = 0. 
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There are also sequences of projections En(j)^i S ^n(j) such that En{j)^iEn(j)^i' = 0, if ^ 7^ V , 

Km ||S„(,),, -Q,(0|| =0. 
3^00 

Let z„ be a sequence of unitaries such that 

Jini^ \\zj - 1|| = 0, z*E.a{j)jZj = Qj{l) and z* E'^f^j-^^Zj = Qj{l), < I < L. 

Set fnQ) = Qj(0)z*_B„(j)Z„(5j(0), n = 1,2,.... Note Dn{j) is of finite dimensionaL Write 

Dn{j) = ®t^^"''"''^n(j).ti where each Dn{j).t is simple and has rank R{n{j),t). Let dn{j),t be a 
minimal projection in Dn(j)^f Since Ti?(A) = 0, by Theorem 7.1 of |37j. A has real rank zero, 
stable rank one and weakly unperforated Kq{A). It follows from [2] that pa{Kq{A)) is dense in 
Af f{T{A)). Consequently, one has (fco)! many mutually orthogonal and mutually equivalent 
projections dn(j),t,s < dn{j),t (s = 1,2, (fco)!) such that [dn(j)^t.s] G G and 

r{dnU),t - E < 2^M{j\n) ^ ^ ^^^^^ ^"^'^^^ 

Put 

fl(n(j),t) 
. " . 

gn(j),s,t — diag(c?„(j) t s, dn(j)^t,s: C^nQ'j.t.s), 

(fco)! 

9n(j),s — Wj^i 9n(j),s,t and g„(j) — 9n(j),s- 

s=l 

Note that gn{j),s commutes with every element in Dn(j) - Put Cn(j).s = 9n{j),sE>n{j) and C„(j) = 
gn[j)Dn{j)- Then Cn{j)^s and C„(j) are finite dimensional C*-subalgebras and the image of each 
minimal central projection of Cn(j),s and C„(j) in Kq{A) are in G. 

Combining (i) above, we note that {g„(j),s} and are central (as j 00) and 

(1) dist(g„(j)^sxg„y)_5, C„(,,)^s) a nd dist (g„ ( ^ ) xg„ ( j) , C„ ( ) ^ as j -> 00, 

(2) T{Qj - gr,(j)) ^ as j 00 (by ^e6.37|l). 

For each x € and Z = 0, 1, L, there are G Cn(j) such that 
||g„(j)Q"'(a:)g„Q-) - yj{l)\\ as j ^ 00. 

Thus 

\\Pj(.9nU))xf3^ji9nU)) ~ PjiVjilM ^ as j ^ CX3. 

Therefore 

dist(/3j(d„(,))x/3j(d„(,)),/3j(C„(,))) ->0, Z = 1,2,...,L 

as J — > 00. Define 

'^'],six) = 9n(]),sXgn(]),s, = gn(j)Xgn(j), 

%,s,iix) = Pji9n(j),s)xPj{gn(j)^s) and ^'^■((a;) = /3j-(5„Q-))x^j(g„(j)) 
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for X G A. Let 

Lj,s,i ■■ /3j(g„0),s)^/3'-(g„o),s) ^ /3'(C„Q-),J and i^- ; : /3]-(5„Q-))yl/3]-(5„Q-)) ^ /3j(C„(j)) 

be contractive completely positive linear maps which are extensions of idc„(j) ^ j i^Cn^j j id/3i.(c„y. 
and idpif^fj^^.^-^, Z = 1,2, respectively. Put 

= ^i,s,o o ^j.s, $j = o = o and 'J'j,/ = Lj,/ o ^f^. ;. 

Note that {<&j,s}, {^j}, {^i,s,i} and are sequentially asymptotic morphisms (1 < s < 

(/co)!)- We also have 

= ®(*'-'')'$,-, and = I - 1,2,...,L. (e6.38) 

Let Hj = ij o $j o ^, where z : C — > A and ij : C^t^j) 9n{i)^gn(j) are embeddings (we 
may also omit i and ij when there will be no confusion). There is a unitary Zj^i £ A such 
that Z*ign(j)Zj^i = ^ = 1:2, ...,L. Define Hj^i = adZjj o i^ i o i o ?, where ij^i : 

(i]{C^(ri) -* /3j(ffn(i))^/?j(5«b)) is an embed ding 
Therefore, for all sufficiently large j, by He 6.38|) . 

[Hj]\vnK,(c(x).z/oZ)^^ and [ffj]|-pn/f,(C(X),z/jZ) = 0, « = 0, 1, < j < /cq. (e6.39) 

Since both i7j and Hj i factor through a finite dimensional C*-subalgebra one has 

[Hj]\vnKi(c{x)^^ and [i/^j] |-pnKi(c(x)) = 0. (e6.40) 

By aDplving l6.2l one computes that, for all sufficiently large j, 

[Hj\\vnKa{C{X)) = [Hj,i]\vnKo{c(x))- (e6.41) 
Combining (|e 6.41|l . (|e 6.38(1 . Ije 6.40() and Ije 6.35() . one has, if j is sufficiently large, 

[H,]\v = [H,^i]\-p. (e6.42) 

It follows from It). 2l that 

lim (sup{|T o $j(a) -ro&dZjO : G ?'(5n(i)^ffn0))}) = (e6.43) 

for all a G A. Hence 

lim (sup{|r o Hj{x) —to Hj,i{x)\ : t G T{gn/j\Agn(j))}) — for all a; G C. 

It follows from Ije 6.36|l that 



m('t) 




(e6.44) 
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m(i) 

■^i^ II J2 /3K3«0))^?fc/?K5«(j))a«/?j(3«0))^»fe^Kf«(j)) " Pji9nU))\\ = (e6.45) 
k=i 

It follows from Ije 6.45|l . when j is sufficiently large, 

^iriOk) > (777/2 for all t e r(g„(,)Ag„(,)), fc = 1,2, (e6.46) 
Therefore, bv l4.8l there is unitary Vj^i G gn(j)Agn{j) such that 

lim ||aduj,i o Hj^i{x) - iJj(a;)|| = for aU x&T. (e6.47) 

Define = g„o)W*;2'*;/3j-(.g„Q-)). Then 

Zj^i{Hj{x) + = and (iJj(a;) + = Hj{x)zj. (e6.48) 

Thus, by He6.47|l . 

limj^oo ||zj.(*j,;(.t) - iJj(a:)zj- ill = linij^oo ||zj,;*j,i(x) - i7j(.T)?;*;Z*;/3j(5„(j))|| 

= linij^oo ||zj, - i(x)Z*;/3j(g„(j))|| 

= linij^oo Wzj^i^j^x) - z(x)|| = 

for all a; G .F. In other words, 

lim Wzjj-^j^x) - Hj{x)zj,i\\ = for all x ^ T. (e6.49) 

Note that, for all x e A, 

Zjjx ^ Zj^il3j{g,iQ))x and xzjj = xg^^j^z^^i. 
Therefore, since {gn(j)} and {/3j(.gn(j))} are central, we have, for x ^ 

linij^^oo '^Zj^ix - xzj,i\\ = limj_>oo ||zjj/3j(5„(j))a; - a:5i„(j)Zjj || 

= limj_oo ||zj,i/3;(5„(i))a;/3j(5„0)) -ff„0)a;5n0)^i,i|l 
= limj^oo ||zj- z^'j- i(a;) - iJj (a;)zj- i)|| = 

On the other hand, we have 

= 9n{j) and Zj^iz*i ^ l3\{g^Q)) (e6.50) 
Recall that Pj{gn(j)) — '>^j'^\9n{j))wj. Define Uj{l) = w*Zjj. Then 

{uj{l))*Uj{l) = Zj iWjWjZjj ^ gn(j) and Uj{l){uj{l)y ^ a\gn(j)). (e6.51) 
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Denote qj{0) — gn(j) and qj{l) — (3j{gn(j)), I = 1,2, ...,L. We also have, by (i) and (2) above, 
qj{l) < Qj{l) < Pj{l) and T{pj{l) — qj{l)) — > as j ^ oo uniformly on T{A). (e6.52) 
Finally, since (|et).34|l . 

lim \\ujX — xujW = for all x £ T. (e6.53) 

□ 

The following lemma is taken from 07] that has its origin in |25| . 

Lemma 6.4. Let A be a unital separable simple C* -algebra with TR{A) — and with unique 
tracial state and a G Aut(A) such that al^lG = idg for some subgroup G C Kq{A) for which 
Pa{G) = Pa{Kq{A)) and for some integer r > 1. Let m G N, mp > m be the smallest integer 
such that mo = modr and I — m + (r ~ l)(mo + 1). 

Suppose that {el"'}, i — 0, n — 1,2,..., are I + 1 sequences of projections in A 

satisfying the following: 

ll«(e|"^)-eSll <'5„, lim (5„ = 0, 
e(")e;"'=0, if 

and for each i, {e|"'} is a central sequence. Then for each i = 0, l,2,...,m, there are 
central sequences of projections {p|"'} (i — 0, 1,2,...,toJ and a central sequence of partial 
isometrics {w^-"'} such that 

(wl"-*)*?/;-"' = pI"-* and u'-"'(w|"')* = i = 0, 1, m - 1, 



(n) Y^r-l (n) 



where p\ < I]i=o 



e: , -r , ,x ana 



J=0 '^i+i(mo + l) 



K ) 



i=0 i=0 

as n —> oo uniformly on T{A). Moreover, for each i, 

Proof. Since o^qIg = idc it follows from Wl^ that there is a central sequence of projections 
{qQ^^} and a central sequence of partial isometrics {z(0,j, n)} such that qp"' < Cq"', 
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and 

Moreover, there are central sequences of projections {ql^^ } such that q^^^ < e-^^ such that 

lim |Igg)-a'-^(9("))||=0, i = l,2,...,[Vr-]- 
Since Qq"'^ < Cq^^ and ||Q;(eQ^^) — ei"^|| < ^w, there exists a projection < e^^^ such that 

Similarly, we obtain projections g^"^ < e-"^ such that 

lim \\a{q^_\)-q^^\\=0, i = 2, 3, r - 1. 
Moreover, it is easy to check that 

lim ||aXg^"V?f^ll=0,» = l,2,...,r-l. 

n^oo 

Since {(Jo"'} is central, {ct'^{qo^^)} is also central for each i. It follows that {^j"'*} are central 
for i = 1,2, r — 1 and for i = rj, j = 1, 2, ....[l/r] Again, there are projections q^llj < ^i+rj 
such that 

lim ||a'+'^^(g^"') - = 0, i = 1,2, ...,r - 1. 

Define z[^- „ = a*(zoj,„)- Then 

In particular, {^i,j,n} is central, since {-2o,j,n} is- Because 

lim \\a\qi"^) - #^|| = and lim \\a'+^^ (qi"^ ) - a^H<li"^)\\ = i = 1,2, ...,r - 1, 

n — ^oo n^oo 

one obtains sequences of unitaries {Zj^^} and {Uj^^} such that 

lim 1 11=0, (Z")V(g^"')zf)=#\ and 

lim - 111 = 0, Ufa'+^\q'^^^){ufr = a^^iq^^) 

j = 1,2, ...,r — 1. Define Zij^n = A+\,i,n'^'f^ ■ Then {-Zij.n} is central and 

z* ■ z- ■ — fl'-"-' and z- ■ z* ■ —n''^(n^"'h 
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Now put 



Note that 



(n) 



y^q^\ = 0,1,2,. 



3=0 

I 



1=0 1=0 1=0 

To prove so defined pi meets the requirements, one checks exactly the same way as in 
the proof of Lemma 3.2 07]. □ 

Let {Ei j~\ be a system of matrix units and K. be the compact operators on £^(Z) where we 
identify Ei^i with the one-dimensional projection onto the functions supported by {i} C Z. Let 
5 be the canonical shift operator on ^^(Z). Define an automorphism cr of /C by (j{x) — SxS* 
for aU xelC. Then (T{E,^.j) = E.+i^^+i. For any G N let Pn = E»^o^ 

To prove Theorem 13. 141 we quote the following lemma. 

Lemma 6.5. (Kishimoto, 2.1 of j^S]) For any rj > Q and n G N there exist iV G N and 
projections cq, ei, . . . , e„_i in such that 

\\(j{ei) - e,;+i II < ry, i = 0, . . . , n - 1, e„ = Cq 

K dim ep l _ „ 
AT ^ J- 

Proof of Theorem ISTTbI 

Proof. We use a modified argument of Theorem 3.4 in 021 by apolving 16.41 We proceed as 
follows. 

Let e > 0. Let e/2 > 77 > and m G N be given. Choose TV which satisfies the conclusion 
of Lemma 16.51 (with this 77 and n = m). Identify P/y/CP/v with M^. Let Q — : i = 

0, 1, ...,N — 1} be a set of generators of M^. Let eo,ei, ...,e„i_i be as in the conclusion of 
Lemma [6.51 For any e > 0, there is (5 > depends only on N such that, if 

\\ag- ga\\ < S 

for g € Q, then 

\\aei — eittW < e/2, i — 0,l,...,n. 

We assume that S < rj. Fix a finite subset C A. Choose too G N such that toq > to is the 
smallest integer with toq = mod r. Let L — N + {r — 1)(too + 1). 

Since a has the tracial Rokhlin property, there exists a sequence of projections {e^- . i = 
0, 1, L} satisfying the following: 

H4'^Ve!^\||<(^, ef)ef =0, if . ^ 
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lim ||e['^''a — aef'^ 11=0 for all a E A, i = 0, 1, L and 

k — *oo 

L-1 

t(1 - ^ ef^) < T]/2 for all r e T(A), fc = 1, 2, .... 

i=0 

By applying Lemma 16.41 we obtain a central sequence {w^*^''} in A such that 

(«;f))*u;f^ =Po''=) and 

«;f)(i.f))* =i^/"\ A: = 0,1,..., z = 0,l,...,iV, 

p^(fc)p(fc) = * 7^ J, 



lk(i^^^O-^^ill<^, fc = 0,l,..., z = 0,l,...,iV-l, 
r(Et"o' ^ - Eto' ^) < for aU r £ T{A) 



where i^^'^^ < El^o ^IS^o+D. for * = 0, 1, . . . , iV. 

It follows that ; = 0, 1, TV are all central sequences. As the same argument in 

Lemma lOl there is a unitary ui- e U{A) with ||u/c — 1|| < (5/2 such that adwfeoa(P/'^^) = Pj+i, 
i = 0, 1, — 1. Put /3fc = adwfc o a, and w^'^'' — w^^'^K Choose a large k, such that 

1 1 a - a/3[(u)('=))|| < J for all a G J^o, 

/ = 0,1, ...,A^. 

Now let Ci and C2 be the C*-algebras generated by w^''\ (3l{w^''^), (3^^^ {w'-''^) and 
by u;W,/3^(u;('=)),...,/3f (wW), respectively. Note that Ci ^ Mm, C2 = Mjv+i. Define a 
homomorphism $ : Ci —> /C by 

1>(/3fc(^i'^'^)) = S^+i.., * = 0,1,...,A^-1 

(see Lemma Then one has a o ^jp^ = $ o Pk\ci and <i>(Ci) = P/v/CP/v- Now we apply 
Lemma 16.51 to obtain mutually orthogonal projections eo,ei, ...,em~i in -^^Af such that 

II 1 JTidimeo 
||cr(ei) - ei-i|| < 7^ and — > 1 - yy. 

Let Pi = $^^(ei), i = 0, 1, m — 1. One estimates that 

1=0 1=0 4=0 

for all T e P(^)- So one has mutually orthogonal projections po,Pi,P2, ■■•,Pm~i such that 
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By the choice of 6, one also has 

\\api — PittW < e, i — 0,1, ...,m — 1, for all a J-q and 



m-l L-l L-l N-l 

r{l Y: < -(1 - E ^) + -(E ^ - E Pt^) + I < + '7/2 + f < e, 

1=0 i=0 1=0 i=0 

for all r £ r(A). Since 

\\f3k - a\\ < S/2 < e/2, 

one finally has 

\\a{pi) - Pi+i\\ < e, i = 0, 1, ...,771 - 1 ,p,^^pq. 
In other words, a has the tracial cyclic Rokhlin property. □ 
Proof of Theorem 

Proof. This follows from Theorem 13. 141 and Theorem 3.4 of 07]. □ 

Proof of Theorem ISTTel 

Proof. The fact that (i), (ii) and (iii) are equivalent (without assuming that a^glc = idc) is 
established in [ST]- 

That (iv) => (v) is given by Theorem 2.9 in 07]. It is known that (v) ^ (iv). 
Thus we have shown that (i), (ii), (iii), (iv) and (v) are equivalent. 

To see these imply (vi), we apply the classification theorem in jlU]. It follows that A Z 
is a unital simple AH-algebra with no dimension growth and with real rank zero. By (ii), it 
has a unique tracial state. 

It is obvious that (vi) implies (iii). □ 

Proof of Theorem \TT^ 

Proof. It follows from Theorem 8.3 in |51| that ag^^^dj has the tracial Rokhlin property. It 
also follows from Corollary 8.4 in [Si] that Xq,Z is a unital simple C*-algebra with real rank 
zero and with unique tracial state. It follows from Thcorcm l3.16l that x^Z is an AH-algebra 
with no dimension growth and with real rank zero. This proves (1). To see (2), since d = 0, 
by Lemma 1.7 of [SI], Ko{Ag Xq, Z) is torsion free. It follows that it is an AT-algebra. □ 
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